A constitutive theory for metallic glasses is established that is based mainly on the Drucker-Prager model and a free-volume theory. The primary emphasis of this theory is on volume dilatation and its consequences on mechanical responses in metallic glasses that have been known from studies in both experiments and atomistic simulations. We also implemented the constitutive theory in a finite element modeling scheme and conducted numerical modeling of deformation of a metallic glass under plane-strain tension and compression. In particular, we focused our attention on the deviation of the shear band inclination angle, a commonly observed phenomenon for metallic glasses. We found very good qualitative agreement with available experimental data on shear band inclination angle and stress-strain relation. We also give a detailed discussion on different constitutive models, in particular the Coulomb-Mohr model, in the context of predicting the shear band inclination angle.
I. INTRODUCTION
The unique and outstanding mechanical properties are largely the impetus for the intensive research on bulk metallic glass (BMG) in the past decade. An overwhelming number of studies have shown that the plastic deformation of BMGs follows different yield criterion from that of the von Mises type, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] which was tested and used extensively in polycrystalline metals and alloys. The convincing evidence is the deviation of the shear band inclination angle (SBIA) from the classical 45 predicted by the von Mises criterion. [1] [2] [3] [4] [5] 9, 10 SBIA is defined as the angle between the shear plane and the loading direction in a uniaxial loading mode. One can find a list of these angles for different kinds of BMGs, summarized, for example, by Lund and Schuh 11, 12 as well as Zhang et al. 13 Although scattered, the data show a clear trend in the range of 27$45 in compressive loading and 48$58 in tensile loading. One possible explanation is that because the metallic glasses have relatively large elastic strain at yielding, the SBIA could be caused by the elastic unloading. However, our results show that such an effect is small (i.e., less than 1 0 for the sample loaded up to the elastic strain at 2-3%). 14 The deviation of the SBIA suggests that the yielding of BMGs is not dominated by shear stress alone.
A possibility is that it should involve normal stress. 5, 6 A quick solution is hence to invoke the Coulomb-Mohr (CM) yield criterion that is well known in soil mechanics and granular matters to give slip directions different from 45 . As shown in an atomistic simulation 11 with a slip plane implicitly introduced, one can indeed see the CM type of relation linking the applied normal stress perpendicular to the shear plane. In a recent continuum modeling 15, 16 of BMGs, normal stress is explicitly incorporated along with the shear stress through a Coulomb-Mohr model so that local volume dilatation can be addressed. A qualitatively good prediction of the SBIA was obtained in the finite element modeling. In fact, it is well established that the Coulomb-Mohr model predicts SBIA directly 14 through a simple relation,
where y is the SBIA and f is the internal friction angle that is related to the frictional coefficient m, or f ¼ tan À1 ðmÞ. From Eq. (1), we see that for von Mises materials, the internal frictional angle f = 0 and y ¼ p=4; but for metallic glasses, f should not be zero since the SBIA is not 45 , or vise versa. Although the Coulomb-Mohr model can predict qualitatively the deviations of SBIA, it leaves some important issues unexplained. First, it is known that the underlying physics of the Coulomb-Mohr model is based on a friction type of effect, that is, the slip resistance of the shear plane is affected by the normal stress on the plane. To apply this model, a predefined shear plane is needed. However, such a condition is not always satisfied. For example, during the homogeneous deformation before yielding, there are no preferred slip directions in BMGs. 3 Take for example a cylindrical sample with axial symmetry under tension or compression. If there are no preexisting cracks or material or surface imperfections that initiate some embryonic shear bands, it is difficult to imagine that a specific shear plane could emerge. Indeed, as we observed in an extensive atomistic simulation, a cylindrical sample without any imperfection does not develop shear banding at all. Instead, necking happens, which was not known to occur to metallic glasses. 17, 18 Second, the SBIA predicted by the Coulomb-Mohr model is symmetric as shown in Eq. (1), that is, the deviation is the same in tension and compression for the same material. However, we know that it is not necessarily so from the experimental observations, which show large differences for compression and tension. [11] [12] [13] Third, an overwhelming number of works from both atomistic simulations [17] [18] [19] and experiments [20] [21] [22] [23] have provided both direct and indirect evidence of volumetric changes during deformation in metallic glasses. This basic volume dilatation process underlying the deformation in the metallic glasses, however, does not become immediately obvious in the work directly invoking the CM model 2, 3, [11] [12] [13] that links only the shear stress t to the normal stress s n via the frictional constant m,
The CM model expressed in Eq. (2) is well known to exclude volumetric effects. The volume dilatation, as hypothesized originally by Eyring, 24 should be an intrinsic mechanism for flow in liquids and plastic deformation in polymer glasses, where the jammed polymeric segments have little chance to move around without some open spaces. The same was thought for metallic glasses, where volume dilatation is the basic deformation strain carrier for atoms undergoing deformation. 25 In experimental procedures, various approaches using positron annihilation, dilatometry, and TEM and x-ray [20] [21] [22] [23] have been used to measure volume changes during and after mechanical deformation. Atomistic simulation using molecular dynamics (MD) simulation 26 has also been applied to provide direct support for the role that volume dilatation plays. These results, collectively and on different resolutions, start to piece together a coherent picture of how the volume changes and affects mechanical responses in metallic glasses. One direct consequence is that the conjugate field to the volume change, the hydrostatic stress, must be considered in the flow rule for metallic glasses. However, it is still not obvious how this hydrostatic stress or pressure effect could lead to different kinds of mechanical responses in the isotropic materials such as metallic glasses, including the phenomenon such as the deviation of SBIA. As known, the CM model as shown in Eq. (2) does not consider volumetric effects. To overcome this limitation, Anand and Su 15, 16 recently extended the CM model to include volumetric effect by introducing volume dependence in the parameters, t 0 and m in Eq. (2) . In a fundamental sense, they assume that the CM rule still operates, not on the sample scale but on the material point. In particular, they still allow interactions between the shear and normal stress at each material point in the system.
In this article, we develop a simple constitutive theory for bulk metallic glasses with explicit consideration of the volume dilatation. To take into account the hydrostatic stress effect, which is the conjugate variable to the volume change, the Drucker-Prager (DP) model is implemented to get the effective stress. The volume dilatation is explicitly handled using the free-volume theory (FVT) developed by Spaepen, 25 which may not be the best choice but is sufficient for demonstrating the points we try to make here. By using Hill's zero extension rate condition and Mohr's circle, we show that this new model can explain the deviation of SBIA theoretically in a simple and transparent way. A finite element method is then used to model plane-strain tension and compression. The SBIA is measured, and the dependence of the SBIA on material parameters related to the volume dilation is discussed. A brief summary of this work was communicated in an earlier publication. 27 In the following sections, we shall give a detailed account of the work.
The article is organized as follows. In the next section, we will set up a constitutive theory based on the DruckerPrager model and free-volume theory. We will demonstrate the capability of this model in predicting the deviation of shear band inclination angle of BMGs. In Sec. III, we show the procedure to implement our theory in finite element modeling and the results obtained in Vitreloy 1 for planestrain tension and compression. In Sec. IV, we discuss the results of SBIA and some lingering issues in relation to the CM model in particular. Finally, we draw conclusions from the results presented in this work.
II. THEORY A. Constitutive relations
The constitutive theory to be developed in this work is based on the elastoplastic material model, in which the elastic strain follows the generalized Hooke's law:
where
Þ is the elastic material matrix with the bulk modulus K and shear modulus G in an isotropic media. To deal with plastic strain rate, we use the Drucker-Prager model from soil mechanics. 28 The DP model is an extension of the von Mises criterion by taking the hydrostatic component of stress into consideration. In the DP framework, an effective stress is then defined as
where I 1 ¼ traceðsÞ is the first invariant of the stress tensor, J 2 ¼ sÁs=2 is the second invariant of the deviatoric stress tensor, s ¼ s À traceðsÞI=3 is the deviatoric stress with I being the identity tensor. a is a material parameter to be discussed later. The plastic potential function Q is introduced to give the general flow rule,
By taking the stress derivative of Q, the plastic flow rate is obtained as
Here, b is another material parameter, which will give an associated flow when it equals to a; otherwise, the flow is nonassociated. The proportional coefficient l determines the magnitude of the flow, which is assumed as a function of the stress state and free-volume concentration. As originally proposed in the free-volume model by Spaepen 25 and later extended by Steif et al., 29 Huang et al., 30 and Gao, 31 the expression of l and free-volume change rate _ v f can be written as
where v f ¼ v f =av Ã is the normalized free volume with v f being the mean free volume. a is a geometrical factor and v Ã is the hard-sphere volume of atom. s 0 ¼ 2kT=O is the reference stress with the Boltzmann constant k, temperature T, and atomic volume O. b ¼ v Ã =O is a parameter. S ¼ E=3ð1 À vÞ is the effective elastic modulus given by Eshelby's solution for elastic inclusion 32 with the Young's modulus E and Poisson ratio v. n D is a constant related to the diffusion or relaxation process, ranging between 3$10. Note that l expressed in Eq. (7) has a unit of 1/s as the time appeared in Spaepen's model is normalized.
The constitutive theory established through Eqs. (3)- (8) was tested extensively and also compared with the von Mises type model and a modified von Mises model with the consideration of hydrostatic stress.
14 In this article, our emphasis is on the shear band inclination angle. In particular, we would like to see how the volume change leads to the SBIA. For the former, we can see directly that because of the inclusion of hydrostatic stress, the volumetric strain rate is explicitly calculated from Eq. (6), or _ e v ¼ trð_ e pl Þ ¼ 3bl, which is not zero, indicating an accompanying volume change during the deformation. 33 The parameter b, or a as we see later, is therefore a sensitivity parameter for volume change. As discussed by Li and Li, 26 the volume dilatation is the main reason for the precursory effect of strain softening.
B. Shear band inclination angle
Unlike in the Coulomb-Mohr model, it is not apparent how the deviation of SBIA is related to the volume dilatation in the new model. Although our approach is different from the widely held view based on the CM model that only the normal stresses contribute to SBIA, we will show in the following sections that the nonzero plastic volume increment as predicted from Eqs. (3)- (8) could lead directly to different SBIA from 45 . Our proof follows closely Bowden's discussion on polymer glasses. 34 Considering a sample under uniaxial tension/compression in the local principal strain rate coordinates, we can express the volume change rate as
where _ e 1 , _ e 2 , _ e 3 are three principal strain rates, which is defined on each material point in a sample. Consider the plane-strain restriction, where all the strain components related to the third direction, which is parallel to the potential shear plane, are assumed to be zero, or _ e 3 ¼ 0. In Eq. (9), we have _ e 2 ¼ _ v=v À _ e 1 . Given _ e 1 , we can plot the Mohr's circle with the center shifted to the right by _ v=v under tensile load (or left under compression) as shown in Fig. 1 . According to zero extension rate condition by Hill, 35 the shear plane can only emerge when the extension rate of this plane is zero, which is represented by point P in Fig. 1 . The angle between this shear plane and the loading axis is denoted by y. From the Mohr's circle, we can easily calculate that
where _ g is the shear strain rate parallel to the shear band plane. One can presumably determine it experimentally. Consequently, the shear band angle is fully determined by the ratio between the volume change rate ð _ v=vÞ and the shearing rate ( _ g). Therefore, in the Drucker-Prager model with the volume change explicitly incorporated, Eq. (10) is not zero. In other words, y deviates from 45 . Depending on the sign and magnitude of _ v=v, the SBIA is different for tension and compression. Our atomistic simulation 36 indicates asymmetry for _ v=v under tension and compression as dictated by the nature of the interatomic interactions. As a comparison, for von Mises materials the volume change is zero, so y = 45 . In general, without the plane strain restriction, the third principal strain rate _ e 3 is not necessarily zero. However, if it is small relative to the other two strain rates, Eq. (10) is still valid. Furthermore, because the usual characteristic thickness of the shear band is small compared with the size of the bulk sample and the dimensions along the width directions in a shear band (_ e 3 is along one of the directions in the shear band plane) are normally far larger, 37 _ e 3 can safely be approximated to vanish. Thus, the plane strain condition in which Eq. (10) is valid can be presumed locally at the shear band. The conditions specified above are especially relevant for BMG samples. Therefore, it is not surprising to see that nearly all known BMGs show SBIA different from 45 . However, when this condition loosens up, as in the case of thin films or ribbons, one should expect to see a "dimensional effect" on the SBIA. As discussed by Davis 38 and Kimura and Masumoto, 39 the deformation will change into antiplane strain mode when the thickness-to-width ratio approaches a critical value. For ribbons, this critical transition ratio is 1:8 (as given by Davis 38 ). In the antiplane strain mode, as reported from the previous work, [40] [41] [42] the shear banding occurs in the transverse plane and makes inclination angles close to nominally 45 with both the loading axis and the thickness vector, which is the direction of _ e 3 as defined earlier.
III. SIMULATION DETAILS AND RESULTS
We implemented the constitutive model developed above within the ABAQUS finite element software with a UMAT subroutine written by the authors. In this section, plane-strain tension and compression of bulk metallic glass Zr 41.25 Ti 13.75 Ni 10 Cu 12.5 Be 22.5 (Vitreloy 1) are simulated. The sample is a rectangle with the heightto-width ratio of 3:1 and contains 8517 CPE4 elements. The mechanical and material constants are obtained from experiments 43, 44 : the Young's modulus E = 96 GPa, Poisson ratio v = 0.36, and the average atomic volume O = 16.4 Å 3 . The initial free volume is randomly assigned to each element with a mean value of 0.05 and variance of 0.0001. For the other parameters,
In this work, we will set the Drucker-Prager coefficient b ¼ a for the sake of simplicity, that is, associated flow is assumed. To carry out the modeling, we need to have certain values for the coefficient a. There are two ways to choose a, one is to pick the values from zero to some large value. However, this approach proved to be tedious and time consuming. To save time, we used the following method to narrow the range by matching the yield surface with Coulomb-Mohr criterion 33 :
where the internal friction angle f is related to the SBIA through Eq. (1). Thus, we can estimate the coefficient a from the SBIA measured experimentally to give a reasonable range of a. To avoid confusion, we need to make a special note here that the second method is by no means a confirmation or circular proof of our model from the CM model. It simply gives us a reasonable range of initial values for the parameter a, because the yield loci in CM model coincide with those in the Drucker-Prager model. Once again, we used both methods.
To investigate the SBIA dependence on coefficient a, we choose five values of this coefficient listed in Table I . Note here that for the Drucker-Prager model, Eq. (1) will no longer be valid. Therefore, Table I cannot reflect the real relation between SBIA and coefficient a. The relation within the Drucker-Prager model can be established by following the zero extension rate condition 45 :
However, we should note that this relation is based on the assumption that the elastic strain rate is zero. The large elastic limit in BMGs up to 2% may also lead to some underestimation of the SBIA by Eq. (12) . Nevertheless, Eq. (12) will be used for estimation and will be compared with our simulation results in Sec. III. Figure 2 shows the stress-strain curves. For both tension and compression, the material first deforms linear-elastically until it reaches the yield point. At the yielding, the material exhibits little plasticity and no work hardening. Instead, a catastrophic strain softening is observed right after the yielding. The high flow strength-to-modulus ratio s f =E ($0.04) has a reasonable order of magnitude as seen in the experimental work, which indicates the possible effect of hydrostatic pressure on deformation. 46 For plane-strain tension, when the three larger coefficients a are used (a = 0.130, 0.168, 0.205), it is hard for the program to reach the equilibrium state after the yielding. The minimum time step required is less than that determined from the applied strain rate. (This may be related to the algorithms we used, which does not consider large deformation such as fracture. However, for our purpose to demonstrate SBIA, the current approach is adequate.) For compression, we did not observe the limit. The sample remains stable at large values for coefficients a. The yield stress shows a monotonically decreasing trend with the increase of coefficient a for plane-strain tension and a contrarily increasing trend for plane-strain compression. However, regardless of tension or compression, the volume dilatation always exists as shown by Zhao and Li.
14 Figure 3 shows the shear band profiles by the contour plots of the strain fields for plane-strain tension and compression with varying coefficient a. For plane-strain tension, we only present the available contours of the simulations with a = 0.045 and 0.087. The shear band inclination angles are measured from these strain field contours and are shown in Fig. 4 . Note that each contour may contain several major shear bands, which give slightly different shear band inclination angles. For completeness, they are all plotted in Fig. 4 . We can easily see the increasing trend for plane-strain tension and decreasing trend for plane-strain compression. The relation of SBIA and coefficient a defined in Eq. (12) is also plotted as a reference. As mentioned earlier, we need to be cautious that due to the approximation of the zero elastic strain rate, the SBIA may be underestimated. Indeed, as seen from Fig. 4 , the dotted line by Eq. (12) gives a lower boundary of the deviation of SBIA. Our simulation results have a similar trend but a much higher slope than the relation given by Eq. (12) . In addition, the SBIA is not necessarily symmetric for tension and compression.
Another interesting point is that from the contour plots of strain field in Fig. 3 , we can see that with varying coefficient a, the regions with shear bands formed also changed. Take the plane-strain compression for example, as the coefficient a changes from 0.045 to 0.205, the shear band region shifts from the middle to the regions at the both ends. Meanwhile, the shear bands form with different SBIAs. The result is the same for planestrain tension, although not that obvious. This shift means that the hydrostatic stress will affect the free volume configuration, making some regions more likely to accommodate localized shear strain than the others. The distribution of the deformation carrier defects (i.e., volume dilatation) is important for the inhomogeneous deformation. Here, we show that the distribution of the "defects" is closely related to the hydrostatic stress, a conjugate field of the volume change. The two are closely related if we consider that the free volume has a real volume feature because in the elastoplastic model; the volume is dominated by the hydrostatic stress. This relation suggests that free volume distribution is also one of the factors determining the exact value of the coefficient a. 
IV. DISCUSSIONS A. Coulomb-Mohr model
As mentioned previously, one of the conceptual difficulties with the Coulomb-Mohr model [Eq. (2)] is how to incorporate the volume dilatation. One way to overcome this difficulty is by modifying the CM rule. Anand and Su 15 included the volume effect in the material parameters in the Coulomb-Mohr model, and, by doing so, they are able to apply the Coulomb-Mohr model locally by separately defining a dilatancy parameter and a cohesion coefficient. From the principal directions of the stress, the potential slip directions are determined as the direction of the local shear, whereas the local normal and shear stresses defined this way are assumed to still follow the Coulomb-Mohr relation. In our model, the volume dilatation is explicitly incorporated through the effective stress [Eq. (4)], which contains a hydrostatic pressure in addition to the shear stress, and is implemented without indication of any locally predefined shear direction such as that in the new CM model. Although the question remains whether the local CM relation should still hold, in both models the rule played by the volume dilatation is considered with the same degree of emphasis. We were not surprised to find that in both models, the shear band formation predicted and SBIAs observed are in qualitatively good agreement with the experimental data.
We need to be cautious in interpreting the original CM model as specified in Eq. (2), which was used in earlier work. [11] [12] [13] First, by explicitly introducing a shear plane and applying a normal stress perpendicular to the plane, one of course will see the correlation between the shear stress and the normal stress. 11, 12 The same is true if the designated shear plane direction varies, as shown by a recent experiment. 47 However, the results do not tell whether the flow rule follows the Coulomb-Mohr relation because the volume dilatation is not considered. It may argued that by taking into account the work done by the normal stress from the volume dilatation, one can obtain the ratio on the right side of Eq. (10) "equivalent" to the frictional coefficient m in the Coulomb-Mohr criterion [Eq. (2)]. However, by doing so, we can cast the angle calculated from Eq. (10) in the same form as that given in Eq. (1) in the Coulomb-Mohr theory. However, as shown by Bowden, 34 m defined this way is not entirely a material parameter as found in the original CM model but depends strongly on external parameters (i.e., _ g). Moreover, as shown by Kuroda and Kuwabara, 48 a comparison between the friction type effect and the hydrostatic stress sensitivity on the shear band in polycrystalline metals shows that with the same values of coefficients used, a friction-type effect would significantly delay the formation of shear band.
B. Coefficient a or pressure sensitivity
The coefficient a in the Drucker-Prager model [Eq. (4)] represents the sensitivity of the system to hydrostatic pressure. For the systems that are sensitive to pressures, a is larger, and, consequently, the deviation of SBIA is also larger (see Fig. 4 ). So the coefficient a can be considered as another material parameter characterizing the mechanical properties of metallic glasses. Equation (12) provides a crude estimate that can be used to obtain a experimentally.
On the other hand, linking the free volume production ability to a is not straightforward, although a larger a may indicate a larger tendency for volume dilatation because of our assumption of b ¼ a and _ e v ¼ trð_ e pl Þ ¼ 3bl. However, this assumption is known to give a rough estimate of the volume dilatation. In nonassociated flow rule, a proper and separate selection of coefficient b will enable us to predict the exact amount of volume dilatation during the deformation. However, the production of free volume may also depend (aside from other factors) on the bulk modulus or Poisson ratio and cohesions between atoms. The connection between them is yet to be explored.
V. CONCLUSIONS
The Drucker-Prager type constitutive model in conjunction with the free volume theory has been established and implemented by the finite element method. Although different from the original Coulomb-Mohr model [Eq. (2)], our model is shown to be able to account for the volume dilatation in a simple fashion and is capable of predicting the deviation of shear band inclination angle observed in the deformation of bulk metallic glasses. The shear band inclination angles show an increasing dependence on the coefficient a for tension and a decreasing dependence for compression. We are able to get a value of coefficient a in our model that is in good agreement with the data of the shear band inclination angles obtained from experiments. However, because the experimental results are scattered even for the same material, it is not possible to determine an exact value of coefficient a using this method. We also show that the hydrostatic stress has a significant effect on the free volume distribution, which is believed to be a determining factor of the coefficient a. How the distribution of free volumes affects the results is currently under investigation. A constitutive model considering the hydrostatic pressure effect was developed for metallic glasses by Dr. Thamburaja 49 recently. We would like to acknowledge Dr. Thamburaja who brought this procedure to our attention.
